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Inspired by the role of irrational numbers in nature, e.g., that of the golden ratio in particular – frequently 
observed in the arrangement of leaves and seeds in various plants, this contribution will aim to clarify the 
frictional peculiarities and statistical features of sliding on such nature-inspired aperiodic atomic configurations. 
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1. Introduction 

Nowadays, the Prandtl-Tomlinson models (PT-models) 
in one- and two-dimensions are very popular for their 
explanation of nanotribological experiments performed 
by using a friction or atomic force microscope (AFM) 
[1]. In its original formulation [2], Prandtl was 
introducing this model for developing a kinetic theory of 
solids by assuming a periodic interaction between the 
bodies. Curiously, in the paper ascribed to the PT-models 
[3], Tomlinson was not dealing at all with these, since he 
was outlining a molecular theory of friction based on the 
findings by Lennard-Jones. 

2. Analytical method 

Despite of this historical inaccuracy, currently in a 1D 
PT-model, one can clearly distinguish between frictional 
regimes by considering as parameter the ratio between 
the average interaction and elastic energies [4], for an 
illustration see Fig. 1. 

 
Figure 1: Friction force at 0 K (blue) and room tempera-

ture (green) obtained from a 1D PT-model. 

 

Here the aperiodic corrugation of interest is derived and 

directly introduced into the corresponding 1D PT-model 

such that the so resulting Newtonian equation of motion 

is then solved numerically by applying an adequate 

fourth-order Runge-Kutta method [5].  

3. Discussion 

Note that the Newtonian equations of motion form a set 
of stochastic differential equations involving a thermally 
induced random force mimicking the impact of 
temperature on sliding. Due to this randomness, both 
frictional regimes, either stick-slip or superlubric, have to 
be statistically evaluated and interpreted, for example, in 
terms of distributions – as illustrated in Fig. 2. 
Accordingly, one of the goals of this contribution is to 
develop a statistically proper numerical scheme for 
comparing the calculated frictional performance on 
various aperiodic atomic structures. 

 
 

Figure 2: Histogram of the friction force at room 

temperature (blue) compared Gaussian distribution (red). 
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